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I- Introduction
In 1985, A. Casson introduced an integer valued invariant of oriented integral homology spheres
which reduces modulo two to the Rokhlin invariant. In some sens, the Casson invariant counts
the number of conjugacy classes of representations of the fundamental group into SU(2). K.
Walker [33] extended the Casson invariant to rational homology spheres and established a
method of defining this invariant, that relies only on the surgery presentation of the considered
manifold. By a purely combinatorial approach, C. Lescop [19] extended the Casson-Walker
1Supported by a fellowship from the Japan Society for the Promotion of Science (JSPS), and by a Grant-in-
Aid for JSPS fellows 03020.
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invariant to any oriented 3-manifold. Namely, given a 3-manifold M and L a surgery presen-
tation of M , Lescop introduced an explicit formula for the Casson-Walker invariant defined in
terms of the Alexander polynomials, linking numbers and framing coefficients of the sub-links
of L. Lescop’s formula will be our main tool in this paper.
Let M be an oriented closed 3-manifold and G a finite group. An intriguing question in low
dimensional topology is to know whether the group G acts non trivially on M . Many different
approaches were applied to study this question. In the last decade, the quantum invariants
were used in order to find necessary conditions for a three-manifold to have such an action, see
[1], [4], [5], [6] and [10]. The main motivation of this approach is the fact that the quantum
invariants of links were used in a successful way to study symmetries of links and knots in the
three-sphere.
A link L in S3 is said to be p-periodic if there exists an orientation-preserving periodic trans-
formation h of order p such that fix(h) ∼= S1, h(L) = L and fix(h) ∩ L = ∅. By the positive
solution of the Smith conjecture [2], we may assume that h is a rotation by a 2π/p angle around
the z-axis. An oriented closed 3-manifold is said to be p-periodic if the finite group Z/pZ acts
semi-freely on M , with a circle as the set of fixed points.
A p-periodic link is said to be strongly p−periodic if each component of the quotient link L
has linking number zero modulo p with the axis of the rotation. A strongly periodic link L
is said to be orbitally separated if the quotient link is algebraically split. In [28], Przytycki
and Sokolov proved that a three-manifold is p-periodic if and only if M is obtained from the
three-sphere by surgery along a strongly p-periodic link.
There are several studies about the Casson invariant of cyclic branched covers. In particular,
Davidow [7], Hoste [15] and Ishibe [16], studied independently the case of Whitehead doubles
of knots. Mullins [25], considered the case of 2-fold branched covers along links and provided
a nice formula relating the Casson-Walker invariant to the 2-signature of the link and some
derivatives of the Jones polynomial. In [9], Garoufalidis and Kricker computed the LMO in-
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variant of cyclic branched covers and gave a formula for the Casson-Walker invariant under the
assumption that the branched cover is a rational homology three-sphere.
The purpose of the present paper is to study the Casson-Walker-Lescop invariant of periodic
three-manifolds. The only restriction we need here is that the quotient manifold is an integral
homology three-sphere. In other words, we deal with manifolds which arise as cyclic branched
covers, along knots, of integral homology spheres.
We first study the second coefficient of the Conway polynomial of strongly periodic links. Then
we use the surgery formula introduced by Lescop to find a necessary condition for a three-
manifold to be periodic.
Notations: Let M be an oriented closed three-manifold. We denote by λ(M) the Casson-
Walker-Lescop invariant of M . It is worth mentioning that λ takes values in 1
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Z. Let
L = l1 ∪ . . . ∪ ln be a n−component framed link. For 1 ≤ i ≤ n, let lii be the framing
coefficient of the component li and define lij to be the linking number of li and lj if i 6= j. Let
E(L) = (lij) be the symmetric linking matrix of L. By Sig(E(L)) we denote the signature of
E(L). Finally, |H1(M)| denotes the number of elements of the first homology group H1(M) if
finite and zero otherwise. Here are the main results that we will prove in this paper.
Theorem 1. Let p ≥ 3 be a prime and M a p-periodic 3-manifold such that the quotient M is
an integral homology sphere. Then there exists an orbitally separated strongly p-periodic link
such that M is obtained from S3 by surgery along L and :
24λ(M) ≡ 3|H1(M)|Sig(E(L)) modulo p,
Corollary 1. Let p ≥ 3 be a prime and M a p−periodic manifold. If the first Betti number of
M is not zero, then 24λ(M) ≡ 0 modulo p.
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Let M be an integral homology sphere. We know that M can be obtained from S3 by surgery
along an algebraically split link. On the other hand, we know that if M is p-periodic then M
has a strongly p-periodic orbitally separated surgery presentation. One may ask if a periodic
homology sphere can be obtained from S3 by surgery along an algebraically split strongly pe-
riodic link.
Corollary 2. Let p ≥ 3 be a prime and M a p-periodic 3-manifold. If M has a strongly
p-periodic algebraically split surgery presentation then 24λ(M) ≡ 0 modulo p.
Example. Let T 3 = S1 × S1 × S1 be the three-dimensional torus. The Casson invariant of
T 3 is equal to one. By applying Corollary 1, we can see easily that T 3 is not p-periodic for all
prime p > 3. Same conclusion for the manifold S1 × S2.
If L is a link with n components, let ∇L denote the Conway polynomial (see paragraph 3) of
L, we know that ∇L(z) = z
n−1(a0+ a1z
2+ . . .+ amz
2m), where coefficients ai are integers. The
proof of Theorem 1 relies heavily on the following theorem, which will be proved in paragraph
5.
Theorem 2. Let p ≥ 3 a prime and L an orbitally separated strongly p-periodic link. Then
the coefficient a1 is null modulo p.
By considering the trefoil knot which is 3-periodic, we can see easily that the condition given
by the Theorem 2 is not satisfied by periodic links in general. Indeed, a simple computation
shows that for the trefoil knot the coefficient a1 = 1, hence it is not null modulo 3.
This paper is outlined as follows. In section 2, we introduce strongly periodic links and some
of their properties. In section 3, we review the surgery presentation of periodic manifolds.
Section 4 is to review some properties of the Conway polynomial needed in the sequel. The
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proof of Theorem 2 is given in section 5. In section 6, we briefly recall Lescop’s surgery formula.
Ultimately, in section 7, we give the proof of Theorem 1.
II- Strongly periodic links.
In this paragraph we recall some definitions.
Definition 2.1. Let p ≥ 2 be an integer. A link L of S3 is said to be p-periodic if and only
if there exists an orientation-preserving auto-diffeomorphism of S3 such that:
1- Fix(h) is homeomorphic to the circle S1,
2- the link L is disjoint from Fix(h),
3- h is of order p,
4- h(L) = L.
If L is periodic we will denote the quotient link by L.
The standard example of such a diffeomorphism is given as follows. Let us consider S3 as
the sub-manifold of C2 defined by S3 = {(z1, z2) ∈ C
2; |z1|
2 + |z2|
2 = 1} and ϕp the following
diffeomorphism:
ϕp : S
3 −→ S3
(z1, z2) 7−→ (e
2ipi
p z1, z2).
The set of fixed points for ϕp is the circle ∆ = {(0, z2) ∈ C
2; |z2|
2 = 1}. If we identify S3 with
R
3∪∞, ∆ may be seen as the standard z-axis. By the positive solution of the Smith conjecture
[2], a periodic diffeomorphism such as in the previous definition is conjugate to the standard
rotation ϕp. Consequently, if L is a p-periodic link then there exists a tangle T such that L is
the closure of T p.
Recall here that if the quotient link L is a knot then the link L may have more than one
component. In general, the number of components of L depends on the linking numbers of
components of L with the axis of the rotation.
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Recently, Przytycki and Sokolov [28] introduced the notion of strongly periodic links as follows.
Definition 2.2. Let p ≥ 2 be an integer. A p-periodic link L is said to be strongly p-periodic
if and only if one of the following conditions holds:
i) The linking number of each component of L with the axis ∆ is congruent to zero modulo p.
ii) The group Z/pZ acts freely on the set of components of L.
iii) The number of components of L is p times greater than the number of components L.
Remark 2.1. According to condition iii) in the previous definition, a p-strongly periodic link
L has pα components, where α is the number of components of the quotient link L. These pα
components are divided into α orbits with respect to the free action of Z/pZ (condition i)).
Assume that L = l1 ∪ . . . ∪ lα, there is a natural cyclic order on the components of L. Namely,
L = l11 ∪ . . . ∪ l
p
1 ∪ l
1
2 ∪ . . . ∪ l
p
2 ∪ . . . ∪ l
1
α ∪ . . . ∪ l
p
α
where ϕp(l
t
i) = l
t+1
i ∀1 ≤ t ≤ p− 1 and ϕp(l
p
i ) = l
1
i , for all 1 ≤ i ≤ α.
Example. The link in the following figure is a strongly 5-periodic link.
Figure 1.
Definition 2.3. Let L be a link in the three-sphere. L is said to be algebraically split if and
only if the linking number of any two components of L is null.
Definition 2.4. Let p ≥ 2 be an integer. A strongly p-periodic link is said to be orbitally
separated if and only if the quotient link is algebraically split.
Remark 2.2. Throughout the rest of this paper we use the term OS link to refer to an
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orbitally separated link. If L is a strongly p-periodic OS link, then for all s and i 6= j we have
p∑
t=1
lk(lsi , l
t
j) = 0.
III- Periodic 3-manifolds
Let M be a 3-manifold. It is well known from Lickorish’s work [21] that M may be obtained
from the three-sphere S3 by surgery along a framed link L in S3. Such a link is called a surgery
presentation of M . This section deals with surgery presentations of periodic three-manifolds.
Definition 3.1. Let p ≥ 2 be an integer. A 3-manifold M is said to be p-periodic if and only
if there exists an orientation-preserving auto-diffeomorphism of M , such that:
1- Fix(h) is homeomorphic to the circle S1,
2- h is of order p.
The three-sphere S3 is p-periodic for all p ≥ 2. The acting diffeomorphism is nothing but
the rotation ϕp defined in section 2. Another concrete example is the Brieskorn manifold
Σ(p, q, r), which has periods p, q and r. One can easily give explicit formulas for the corre-
sponding diffeomorphisms by considering Σ(p, q, r) as the intersection of the complex surface
{(z1, z2, z3) ∈ C
3; zp1 + z
q
2 + z
r
3 = 0} with an appropriate sphere of dimension 5 (see [23]).
Theorem 3.2 ([28]). Let p be a prime. A 3-manifold M is p-periodic if and only if M is
obtained from S3 by surgery along a strongly p−periodic link.
Remark. If the quotient manifold is a homology sphere then we may suppose that L is or-
bitally separated.
IV- The Conway polynomial
The Alexander polynomial of periodic knots has been subject of an extensive literature. In
1971, Murasugi [25] proved a congruence relationship between the Alexander invariant of a
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periodic knot K and the Alexander invariant of the quotient knot. Later, different approaches
were used to give alternative proofs to Murasugi’s result [3], [8], [12]. In [30] and [22], similar
results were proved for the multi-variable Alexander polynomial. Murasugi’s result was applied
to rule out the possibility of being periodic for many knots.
In this paper we consider the Conway version of the Alexander polynomial. The Conway
polynomial ∇ is an invariant of ambient isotopy of oriented links which can be defined uniquely
by the following:
(i) ∇©(z) = 1
(ii) ∇L+(z)−∇L−(z) = z∇L0(z),
where © is the trivial knot, L+, L− and L0 are three oriented links which are identical except
near one crossing where they look like in the following figure:
L+ L− L0
Figure 2
It is well known that if L is a link with n components then the Conway polynomial of L is of
the form ∇L(z) = z
n−1(a0 + a1z
2 + . . . + amz
2m), where coefficients ai are integers. The first
coefficient depends only on the linking matrix of the link. The second coefficient a1 is the first
non trivial Vassiliev invariant for knots. It is related to the Casson-Walker invariant by the
global surgery formula introduced by Lescop [19].
At the beginning, let us recall some properties of the Conway polynomial needed in the sequel.
Let L = l1 ∪ . . . ∪ ln be an oriented n component link in the three-sphere. Let lij = Lk(li, lj)
if i 6= j and define lii = −
n∑
j=1,j 6=i
lij. Define the linking matrix L as L = (lij). The matrix L
is symmetric and each row adds to zero. Hence, every cofactor of this matrix is the same. We
refer the reader to [11], [13] and [14], for details about the linking matrix.
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Theorem 4.3 [14]. Let L an oriented link with n components. Then a0 = Lij, where Lij is
any cofactor of the the linking matrix L.
It follows from this theorem, that if L is algebraically split then the first coefficient of the Con-
way polynomial is zero. Levine [20] proved that the coefficient of zi is null, for all i ≤ 2n− 3,
and gave an explicit formula for the coefficient of z2n−2.
Proposition 4.4 [20]. If L is algebraically split with n components, then ∇L(z) is divisible
by z2n−2.
Let Σ1, Σ2 and Σ3 be three oriented surfaces imbedded in S
3. For 1 ≤ i ≤ 3, let ni be a
positive normal vector to Σi. Assume that the three surfaces intersect transversally in their
interiors. Let A = {a1, . . . , as} = Σ1 ∩ Σ2 ∩ Σ3, every ai ∈ A may be occupied with a sign
ǫ(ai) = ±1, depending on the orientation of the basis defined by the three normal vectors. Let
Σ1 : Σ2 : Σ3 =
∑s
i=1 ǫ(ai).
Let L = l1 ∪ . . . ∪ ln be an algebraically split link. We can choose Seifert surfaces Σ1, ... ,Σn
such that li bounds Σi and lj does not intersect Σi if i 6= j. We define µ¯ijk to be Σ1 : Σ2 : Σ3 if i,
j and k are distinct and to be zero otherwise. Now we define u to be the (n−1)×(n−1)-matrix
defined by uij =
∑n
k=1 µ¯ijk, for every 1 ≤ i, j ≤ n− 1. Levine [20], proved the following.
Theorem 4.5 [20]. If L = l1 ∪ . . . ∪ ln is an algebraically split link then: an−1 = det(u).
V- Proof of Theorem 2
This paragraph is devoted to the proof of Theorem 2. Let L be a strongly p-periodic link in the
three-sphere. Let L be the factor link, so here we have L = π−1(L), where π is the canonical
surjection corresponding to the action of the rotation on the three-sphere. Let L+, L− and L0
denote the three links which are identical to L except near one crossing where they are like in
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figure 2. Now, let Lp+ := π
−1(L+), Lp− := π
−1(L−) and Lp0 := π
−1(L0).
Lemma 5.1. Let p be a prime, then we have the following congruence modulo p:
∇Lp+(z)−∇Lp−(z) ≡ z
p∇Lp0(z).
Proof. Przytycki [26] proved a similar lemma for the skein (HOMFLY) polynomial of periodic
links. The same argument can be used here to prove our lemma.
Notice that if Lp+ is a strongly p-periodic link then Lp− is also a strongly periodic link. How-
ever, two cases are to be considered for the link Lp0.
First case: if the considered crossing of the factor link is a mixed crossing, (involving two
different components of the factor link say K1 and K2). After the crossing change, the two
components connect and give birth to a new component K12, as the linking numbers of K1 and
K2 with the rotation axis is null modulo p then the linking number of K12 with the rotation
axis is also null modulo p as it is the sum of two zeros. Consequently, the link Lp0 is strongly
p-periodic.
Second case: If the considered crossing is a self crossing, in this case the link Lp0 may be not
strongly p-periodic.
Let L be a strongly p-periodic link, then we know that L has pα components, where α is a
positive integer. The proof of Theorem 2, will be done by induction on α. Recall here that α
is the number of components of the factor link L.
It is easy to see that each of Lp+ and Lp− has pα components. Let s be the number of compo-
nents of the link L0. Let
∇Lp+(z) = z
pα−1(a0 + a1z
2 + . . .+ amz
2m),
∇Lp−(z) = z
pα−1(b0 + b1z
2 + . . .+ bkz
2k),
∇Lp0(z) = z
s−1(c0 + c1z
2 + . . .+ crz
2r).
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Lemma 5.2. Let p ≥ 3 be a prime and L a strongly p-periodic link. Assume that L has p
components, then: a1(L) ≡ 0 modulo p.
Proof. Here α = 1, then each of Lp+ and Lp− has p components. By lemma 5.1, we have the
following congruence modulo p:
zp−1(a0 + a1z
2 + . . .+ amz
2m)− zp−1(b0 + b1z
2 + . . .+ bkz
2k) ≡ zp+s−1(c0 + c1z
2 + . . .+ crz
2r).
From this identity we conclude that if s 6= 2 then a1 − b1 ≡ 0 modulo p. If s = 2, then
a1 − b1 ≡ c0 modulo p.
If Lp0 has two components then by the Hoste Formula we know that c0 is minus the linking
number of the two components. As the link L0 has two components (because L+ is a knot),
then the linking number of the two components of Lp0 is p times the linking number of the two
components of the link Lp0. Hence c0 is zero modulo p.
Consequently, Lp+ and Lp− have the same a1 coefficient modulo p. Notice, that starting from a
strongly p−periodic link L, one may change crossings along orbits to get an algebraically split
link. The algorithm can be described as follows. We start by changing the crossings of l11 and
l21, until having their linking number zero. Of course, at the same moment we get the same for
l21 and l
3
1 ... etc. In the second step we do the same for l
1
1 and l
3
1. Obviously by this procedure
we get an algebraically split link. If p > 3, then using proposition 4.4 we conclude that a1(L)
is zero modulo p. It remains to check the case p = 3.
For 1 ≤ i ≤ 3, let
∑
i be a Seifert surface which is bounded by the component l
i
1. Following the
notations in paragraph 4, recall that µ¯ijk is defined to be the algebraic sum of the triple points
of
∑
i ∩
∑
j ∩
∑
k if i, j and k are distinct and to be zero otherwise. Now let uij =
∑3
k=1 µ¯ijk.
It is well known [20], that a1 is the determinant of the matrix uij. In our case we can choose
three Seifert surfaces such that ϕ(
∑
1) =
∑
2, ϕ(
∑
2) =
∑
3 and ϕ(
∑
3) =
∑
1. Assume that
M ∈
∑
i ∩
∑
j ∩
∑
k, then ϕ(M) and ϕ
2(M) are also in the intersection of the three surfaces. If
M /∈ ∆ then the three points are distinct and the sum gives zero modulo three. If M ∈ ∆, then
as the linking number of the factor knot with the axis is zero modulo three, then the number of
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intersections points (with signs ) of a the quotient surface
∑
and the axis ∆ is a multiple of 3. It
is not hard to see that the matrix uij, is null modulo 3. Hence the coefficient a1 is null modulo 3.
Suppose now that Theorem 2 is true for strongly periodic OS links with a number of components
less than or equal to pα. Let L be a strongly p-periodic OS link having p(α + 1) components.
It is easy to see that we have essentially two cases.
Case 1: If we change a mixed crossing of the factor link then the resulting link Lp0 will be a
strongly p-periodic OS link with pα components. If we write lemma 5.1 in this case we can see
that:
zp(α+1)−1(a0+a1z
2+. . .+amz
2m)−zp(α+1)−1(b0+b1z
2+. . .+bkz
2k) ≡ zp+pα−1(c0+c1z
2+. . .+crz
2r).
Hence, a1 − b1 ≡ c1 modulo p. By the induction hypothesis the coefficient c1 is zero modulo p.
Case 2: If we change a self crossing of the factor link. There are two possible situations:
First, If the resulting link Lp0 has more components than Lp+, in this case we can see immedi-
ately from lemma 5.1 that a1 ≡ b1 modulo p.
Second, if the resulting link Lp0 has pα + 2 components. In this case only one orbit is affected
and the link Lp0 is made up of two invariant components K1 and K2 and a strongly p-periodic
link with pα components.
Lp0 = K1 ∪K2 ∪ l
1
2 ∪ . . . ∪ l
p
2 ∪ l
1
3 ∪ . . . ∪ l
p
3 . . . ∪ l
1
(α+1) ∪ . . . ∪ l
p
(α+1).
From lemma 5.1 we have:
zp(α+1)−1(a0+a1z
2+. . .+amz
2m)−zp(α+1)−1(b0+b1z
2+. . .+bkz
2k) ≡ zp+pα+1(c0+c1z
2+. . .+crz
2r).
Consequently, a1 − b1 ≡ c0 modulo p. It remains now to prove that the coefficient c0 vanishes
modulo p.
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The coefficient c0 can be computed using the Hoste formula [14]. Let us now compute the
coefficient c0 in the case of our link L0. Recall that we assumed that we only changed the
first orbit l11 ∪ . . . ∪ l
p
1 of the link L. This sub-link is transformed onto the link K1 ∪ K2. It
can be easily seen that each of K1 and K2 is invariant by the rotation. Let K1 and K2 the
corresponding factor knots. We have the following Lk(K1, K2) = pLk(K1, K2) ≡ 0 modulo p
and
Lk(Ki, l
1
j ) = Lk(Ki, l
2
j ) = . . . = Lk(Ki, l
p
j ) ∀ 1 ≤ i ≤ 2 and 2 ≤ j ≤ α + 1.
Furthermore, as the link L is orbitally separated we have
p∑
t=1
Lk(li1, l
t
j) = 0 for all i and all j 6= 1.
Thus,
p∑
t=1
Lk(K1, l
t
j) +
p∑
t=1
Lk(K1, l
t
j) = 0. From this we conclude that for all 2 ≤ t ≤ α + 1
we have pLk(K1, l
t
j) + pLk(K2, l
t
j) is zero. Hence, Lk(K1, l
t
j) = −Lk(K2, l
t
j). Consequently the
linking matrix of Lp0 is of the form (here coefficients are considered modulo p).


0 0 t12 t
2
2 . . . t
p
α+1
0 0 −t12 −t
2
2 . . . −t
p
α+1
t12 −t
2
2 . . . . . .
t22 −t
2
2 . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
tpα+1 −t
p
α+1 . . . . . .


We know that in the linking matrix of a link the sum of lines is zero. Moreover in our matrix
the first line and the second line are dependant. Thus, all cofactors of the matrix are zero.
Consequently, Lp+ and Lp− have the same a1 coefficient modulo p.
Remark. As explained above, starting from a strongly p-periodic OS link Lp+, one may
change crossings along an orbit without modifying the coefficient a1 modulo p. It is worth
mentioning that to prove this result we only used the fact that the link Lp0 is OS. Hence, we
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may apply the same procedure again to the link Lp−, although Lp− is not orbitally separated.
In order to transform the link L onto an algebraically split link, we apply the same techniques
as in the case α = 1. Obviously by this procedure all orbits will be made up of algebraically
split sub-links. Now, we apply the same techniques for components belonging to different or-
bits until getting an algebraically split link. Finally, by using Proposition 4.4 we conclude that
a1(L) is zero modulo p. This ends the proof of Theorem 2.
VI- Lescop’s Surgery Formula
In [19], Lescop provided a combinatorial description of the Casson-Walker invariant. Indeed,
Lescop introduced three equivalent formulas relating the Casson-Walker invariant to the Con-
way polynomial and the multi-variable Alexander polynomial. This allowed her to extend the
Casson-Walker invariant to all oriented three-manifolds. In this paragraph we roughly recall
some notations, we refer the reader to [19], ( page 19 and 20) for more details.
Throughout the rest of this paper, N = {1, . . . , n}. Let L = ∪n1 li an n component link in
the three-sphere. For every I ⊂ N , we define LI = ∪i∈I li. Let G be a graph with n vertices
{v1, . . . , vn} and eij the edge of G with end points vi and vj. The linking number of L with
respect to the edge eij , Lk(L, eij) is defined to be the linking number of li and lj . The linking
of L with respect to the graph G is defined by:
Lk(L,G) =
∏
e edge of G
Lk(L, e).
Let C be the set of graphs G with n vertices such that G is topologically an oriented circle. We
define the circular linking number of the link L by the following:
Lkc(L) =
∑
C∈C
Lk(L,C).
Now we define the integer θb as follows:
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θb(LI) =
∑
K⊂I
Lkc(LK)
∑
(i,j)∈K2
∑
g∈σI\K
lig(1)lg(1)g(2)....lg(♯(I\K))j
where σI\K denotes the set of bijections from {1, . . . , ♯I \ K} to I \ K. Recall here that we
consider surgery with integral coefficients, hence the formula 1.7.6 in [19] can be written as
follows
θ(LI) =


θb(LI) if I > 2
θb(LI)− 2lij if I = {i, j}
θb(LI) + 2 if I = {i}
If I ⊂ {1, 2, . . . , n}, we define E(LI) as the linking matrix of LI and we define E(LN\I ; I) =
(lijI)i,j∈N\I where:
lijI =


lij if i 6= j
lii +
∑
k∈I
lik if i = j
Let M be a three manifold obtained from S3 by integral surgery along a framed link L in
S3. Let E(L) be the symmetric linking matrix of L. Let b−(L) be the number of negative
eigenvalues of E(L) and define sign(L) to be (−1)b−(L). With respect to this notations, the
Casson-Walker invariant of M is given by the following formula.
λ(M) = sign(L)
∑
J⊂N/J 6=∅
det(E(LN\J , J))a1(LJ) +
sign(L)
∑
J⊂N/J 6=∅
det(E(LN\J))(−1)
♯Jθ(LJ)
24
+
|H1(M)|
Sig(E(L))
8
.
This formula corresponds to Proposition 1.7.8 in [19]. As we only consider integral surgery
then for all i we have qi = 1 and the Dedekind sums are null.
VII- Proof of the main theorem
Let M be a p-periodic 3-manifold and L a strongly p-periodic surgery presentation of L. Let:
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D1 = sign(L)
∑
J⊂N/J 6=∅
det(E(LN\J , J))a1(LJ)
D2 = sign(L)
∑
J⊂N/J 6=∅
det(E(LN\J ))(−1)
♯Jθ(LJ)
24
.
Lemma 7.1. Let p be an odd prime and L an OS strongly p-periodic link. Then D1 is null
modulo p.
Proof. The summation is done over all sub-links of L. It is easy to see that if the sub-link LJ
is not periodic then there is p sub-links of L which are the same as LJ . Hence, the contributions
of these links add to zero modulo p. However if the sub-link is p-periodic, it is necessary an OS
strongly p-periodic link. By the Theorem 2, the second coefficient of the Conway polynomial
of LJ is null modulo p. This ends the proof of lemma 7.1.
Lemma 7.2. Let p be an odd prime and L an OS strongly p-periodic link. Then 24D2 is null
modulo p.
Proof. In the term D2, the sum is taken over all sub-links of L. As in the proof of the
previous lemma, the contributions of non periodic sub-links add to zero modulo p. Hence, we
have to consider only strongly p-periodic sub-links. Recall that if LI is a link with at least 3
components, then
θ(LI) = θb(LI) =
∑
K⊂I
Lkc(LK)
∑
(i,j)∈K2
∑
g∈σI\K
lig(1)lg(1)g(2)....lg(♯(I\K))j .
Let LJ a periodic sub-link of L. Here also, for the computation of θ(LJ) modulo p, we
need to consider only periodic sub-links of LJ . If LK is a periodic sub-link, then the term
lig(1)lg(1)g(2)....lg(♯(I\K))j does not change if the indexes are cyclically permuted. Thus, we con-
clude that 24D2 is null modulo p. This ends the proof of Lemma 7.2.
The proof of Corollary 2 is based on the fact that if L is an algebraically split p-strongly periodic
then the linking matrix of L is diagonal and each diagonal coefficient of the matrix appears
exactly sp times, for some integer s. Hence, the signature of E(L) is null modulo p. The proof
16
of Corollary 1 is obvious.
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